
Real Analysis 

Logic 

Propositions 
A statement, or proposition, is a sentence that is either true or false. Any sentences that contain 

variables like   are not propositions, because they do not have a definite truth value. These are 

instead called conditions or predicates. 

Compound Propositions 
Compound statements are meaningful sequences of primitive statements, connectives and 

parentheses. 

Connectives 
The main connectives used in this subject are negation    , disjunction    , conjunction    , 

implication    , and biconditional    . 

 

The biconditional can be written as: 

                  

Logical Equivalence 
Statements which have the same truth table are said to be logically equivalent    . That is, the y 

yield the same truth value for all possible values of their constituent primitive statements. 

Quantifiers 
The two main ways in which predicates can be converted into propositions are by substituting in a 

particular value for a variable, or by use of quantifiers. There are two quantifiers used in this subject: 

the universal quantifier "for all"    , and the existential quantifier "there exists"    . 

 

So, for example if   has a domain   and      is a condition then we can write: 

                                 

                                 

 

Universal statements are hard to prove, but can be disproved by a single counterexample. 

Conversely, existential statements are hard to disprove, but can be proved by a single example. 

 

Existential and universal quantifiers are effectively negations of one another. 

                        

                        

Tautology 
If the truth table of a compound statement              is true for all possible combinations of 

values of        , then the statement   is called a tautology. Tautologies are always true. 

Contradiction 
If the truth table of a compound statement              is false for all possible combinations of 

values of        , then the statement   is called a contradiction. Contradictions are always false. 



Converse 
The converse of an implication     is the statement    . A conditional statement is not 

logically equivalent to its converse. 

Contrapositive 
The contrapositive of an implication     is the statement          . A conditional statement 

is logically equivalent to its converse. 

Theorems 
A theorem is a statement that has been proven on the basis of previously established statements, 

such as other theorems, and generally accepted statements, such as axioms. Usually theorems are 

written in the form    . To say that this is a theorem is to say that it is a tautology - it is always 

true for all possible values of   and  . 

 

A proof is a finite sequence of statements such that each statement is either a premise (assumed or 

given as true), or can be inferred from a previous premise. 

Rules of Inference 
 Contraction rule:       

 Expansion rule:       

 Associative rule:                 

 Cut rule:                  

Proof Techniques 
 Direct proof: assume   is true and deduce statement   directly 

 Proof by contradiction: assume        is true and then deduce a contradiction. Since 

             , it follows that if      is in fact false (as it must be if it yields a 

contradiction), then its negation must be true. Hence         must be true, which is 

equivalent to     being true. 

 Proof of contrapositive: assume    and deduce   . This proves      , which is logically 

equivalent to    . 

 Proof by cases: the statement to be proved is split into a finite number of cases and each 

case is checked to see if the proposition holds 

 Mathematical induction: used to establish a statement for all natural numbers. It is done in 

two steps. The first step, the base case, is to prove the statement for the first natural 

number. The second step, the inductive step, is to prove that if the  statement holds for any 

one natural number, then it must hold for the next natural number. From these steps, we 

infer that the given statement is established for all natural numbers 

Set Theory 

Definition of a Set 
A set is a collection of objects defined by some shared property. Members of a set are called 

elements. 

Axiom of Separation 
For every non-empty set   and every condition      on its elements, there exists a set   which 

contains those elements of E for which      is true. 



Subset 
  is a subset of   if every element of   is also an element of  . We write    . If there is an 

element of   which is not also an element of  , then we say   is a proper subset of  . 

Equality 
Two sets are said to be equal if     and    . This can be stated more precisely: 

Let   be a set with     and      conditions on the elements of  , such that              and 

            . Then     iff               . 

Empty Set 
The empty set   is the set that contains no elements. The empty set is a subset of all possible sets. 

Union 
The union of   and   is denoted      , and refers to the set that contains all elements of   and all 

elements of  . 

                    

Intersection 
The intersection of   and   is denoted    , and refers to the set that contains only those 

elements of   that are also elements of  . If       we say that   and   are disjoint. 

                    

Complement 
The complement of   in   is denoted by    , and refers to the set that contains only the elements 

of   which are not elements of  . 

                

Indexed Family 
An indexed family of sets   is a set (or family) of sets    where          .   is called the 

indexing set. The union of the elements of   is denoted by: 

   

   

 

Ordered Pair 
An ordered pair (a, b) is a pair of mathematical objects. The order in which the objects appear in the 

pair is significant: the ordered pair (a, b) is different from the ordered pair (b, a) unless a = b. 

Cartesian Product 
The set of all ordered pairs from the non-empty sets   and   is called the Cartesian product of   and 

 , and is written    . 

                    

Number Sets 

Real Numbers 
The real numbers are a particularly important set of numbers that is commonly used throughout 

maths and science. There are many ways of defining or constructing the set of real numbers. One of 

them relies on the use of what are called the field axioms. In other words, the set of real numbers is 

the set of numbers which satisfy all of the field axioms. 



Rational Numbers 
The set of rational numbers is a subset of the real numbers. It is equal to the set of all ratios of 

coprime integers. This is written as: 

   
 

 
                              

Absolute Value 
The absolute value     of a real number   is the non-negative value of x without regard to its sign. 

Namely,       for a positive  ,        for a negative  . Another way of writing an absolute 

value is: 

                                     

Triangle Inequality 
The triangle inequality states that for any triangle, the sum of the lengths of any two sides must be 

greater than the length of the remaining side. This can be generalised to the norm in vector space. 

 

                             

Bounds 
An upper bound of a set   is some fixed number such that every     is less than this number. 

    is called an upper bound of     if         . If   exists, we say the set   is bounded 

above. Any number greater than an upper bound will also be an upper bound. Lower bounds are 

defined in the same way. If   is bounded above and below, then we say it is a bounded set. 

Otherwise we say it is unbounded. 

Open and Closed Intervals 
An open interval does not include either of its endpoints. A closed interval includes both of its 

endpoints. If a set includes one of its endpoints but not the other, it is neither open nor closed. 

Greatest and Least Elements 
If     and           , then we say that   is the greatest element of  . The least element 

can be defined in a similar way. Greatest and least elements, if they exist, are always unique. 

Supremum and Infimum 
The supremum of a set   is the smallest (least) upper bound of  . In other words, it is the least 

element of the set of upper bounds of  . The infimum of set   is the greatest lower bound of  , or 

in other words it is the greatest element of the set of lower bounds of  . 

 

If   and   have suprema and                 , then               . 

Completeness Axiom 
In addition to the Field Axioms specified above, there is one additional assumption that we need to 

make in order to uniquely specify the real numbers. This completeness axiom implies that there are 

not any “gaps” or “missing points” in the real number line. A more precise way of stating this is that 

any non-empty set of real numbers that has an upper bound must have a least upper bound in real 

numbers. 

Archimedean Property 
The set of natural numbers   is unbounded above in  . 



Density of the Rationals 
If   and   are real numbers with    , then there exists a rational number     such that 

     . 

Difference between the Number Sets 
   Have additive inverses, while   do not 

   have multiplicative inverses, while   do not 

   obeys the Supremum Axiom (every bounded non-empty subet has a supremum in   

Functions and Sequences 

Relation 
A relation R between two sets   and   is a subset of the cartesian product    . 

Functions 
A function   is a mapping from set   called the domain, to set   called the codomain, along with a 

rule that assigns to every     a unique element of    . The subset of all images is called the 

range of  . 

A function       is a triple        , where   is a relation       such that if          and 

         then      , and if                 . 

Bijective, Injective, Surjective 
 A function is injective (one-to-one) if every element of the codomain is mapped to by at 

most one element of the domain. "Is there another way to get here?" 

 A function is surjective if every element of the codomain is mapped to by at least one 

element of the domain. This means that the range and the codomain are equal. "Can you get 

everywhere in the codomain?" 

 A function is bijective if it is both injective and surjective. Bijection is necessary and sufficient 

for an inverse function to exist. 

Image 
The image of a function is the same as its range: the subset of its codomain that can be reached from 

some element of its domain. 

Cardinality 
Two sets have the same cardinality if there exists a bijection between them. Basically this means 

they have the same number of elements. 

Sequence 
A sequence is a function      . A sequence can also be thought of as a list of elements with a 

particular order. 

Sequence Limit 
The limit   of a sequence   is said to exist if: 

                               
   

     

 

In words, this basically means that for any band we place around   (no matter how small), if we can 

always pick a value of   high enough such that    is within the band, then we say that the sequence 

converges to  . 



Convergence 
A sequence is said to converge to   if the limit of   is equal to  . If no such limit exists, the sequence 

is said to diverge. 

Divergence 
Divergence is just the negation of convergence; hence: 

     
   

      

 

In order to prove divergence one need only provide a single example of a value of     for which 

         for all   . Also not that 'divergent' does not necessarily mean 'approaches infinity'. It 

simply means that it does not approach a single value. Trigonometric functions are an example of 

functions that are divergent but do not approach infinity. 

Monotonic Sequences 
A monotonic function is a function between ordered sets that preserves the given order. Intuitively, 

monotonic functions must either be always increasing, or always decreasing. They cannot have 

turning points. 

 

There is also a distinction between increasing/decreasing functions, and non-decreasing/non-

increasing functions. For the latter two, the function is permitted to 'flatten out' (reach a max or 

min), so long as it does not turn around and start going in the opposite direction. 

 

               

               

               

               

Bounded Sequences 
A sequence is said to be bounded above if there exists     such that          . If no such 

  exists, we say the sequence is unbounded above. The definitions for bounded and unbounded 

below follow the same pattern. If a sequence is both bounded above and bounded below, then we 

say that the sequence is bounded. 

Monotone Convergence Theorem 
This important theorem states that every bounded, monotonic sequence is convergent. This makes 

sense, because if a sequence is always growing or always shrinking, but still never gets bigger or 

smaller than a certain value, the sequence must be converging to some value less than (or greater 

than) said bound. 

 

We can also use this theorem to estimate the limit, as the following condition must hold: 

               

Algebra of Limits 
Limits follow the laws of algebra in the obvious way. For      and      and    : 

            

            
  
  

 
 

 
 



         

Cauchy Sequences 
A sequence    is called a Cauchy Sequence if         such that       ,          . The 

advantage of this definition over the previous definition of convergence is that it makes reference 

only to the values of the sequence itself, and does not require knowledge of the limit. 

 

Every convergent sequence is a Cauchy sequence, and (on the real line), every Cauchy sequence 

converges. This means that, on the reals, Cauchy sequences and convergent sequences are the same 

thing. They are just different ways of expressing the same idea. 

Limits and Continuity 

Neighbourhood 
A neighbourhood of     is a set                . In other words, the neighbourhood is 

an open set of points with a radius   centred about  . 

Deleted Neighbourhood 
A deleted neighbourhood is simply the same as a regular neighbourhood, except that it excludes the 

point in the centre, so:                   . 

Limit Point 
If        , then   is a limit point of   if           such that        . Note that   and   

must be distinct, so        . Effectively this means that   is a limit point of   if we can always 

find a point in   different from   which is arbitrarily close to  . The key question is: can we get 

arbitrarily close to   using only elements of  ? If the answer is yes, then   is a limit point of  . 

                  

 

Note that if              , then we say that   has a limit point at  . Obviously   is not an 

element of  , however it is a limit point of  . 

Function Limit 
Given a function      , and a limit point   of  , we say that the limit of   as   tend to   is equal 

to   if: 

                                        

 

Note that since   is never evaluated at  , it does not matter if    . 

Left and Right Limits 
The definition of one-sided limits is the same, except that the deleted neighbourhood is replaced 

with either the left or right deleted neighbourhoods. 

   
    

       

   
    

       

A limit only exists if 

   
    

          
    

     

This is often useful for proving that limits do not exist. 



Continuity 
A function       is continuous at     if: 

   
   

            

 

This can be stated more formally (without having to know the limit) as: 

                                       

 

If       is continuous for all    , then   is said to be continuous on  . 

Bounded 
For      ,   is bounded above if: 

                 

Likewise it is bounded below if: 

                 

Monotonicity 
For      ,   is monotonically increasing on   if: 

                     

Similarly monotonically decreasing functions satisfy: 

                     

Limits at Infinity 
If the function      is bounded, then we say that              if: 

                                    

 

For an unbounded function, we say that               (  is divergent) if: 

                                         

Boundedness and Continuity 
If   is a continuous function on      , then   is bounded on      . 

Intermediate Value Theorem 
The intermediate value theorem states that for each value between the least upper bound and 

greatest lower bound of the image of a continuous function there is at least one point in its domain 

that the function maps to that value. Stated in symbolic notation: 

 

If           is continuous on       and                             then 

         such that       .  

Differentiation 

Definition of Derivative 
The derivative of       at      is defined as (where    ): 

          
   

             

 
 

 

If this limit exists, we say   is fifferantiable at   . If   is differentiable for all     then we simply 

say that   is differentiable. For   to be differentiable there must be at least some domain   over 

which it is differentiable at every point. 



Differentiability and Continuity 
If       is differentiable at      then   is continuous at   . Note that the converse of this 

theorem is not true: continuity does not imply differentiability. 

Local Monotonicity Properties 
If   is differentiable at a point   , then we can use this fact to infer certain properties of the function 

around this point. For example, if          then if you pick a point a little bit above   , the 

function at this point will be greater than at   , whereas for a point a little below    it will be smaller: 

 

                              

                               

Rolle's Theorem 
Rolle's theorem essentially states that a real-valued differentiable function which attains equal 

values at two distinct points must have a point somewhere between them where the first derivative 

(the slope of the tangent line to the graph of the function) is zero. 

 

Formally: let   be continuous on       and differentiable on      . Suppose that            . 

Then there exists a point somewhere          where         . 

Mean Value Theorem 
Rolle's theorem is a special case of a more general theorem called the mean value theorem. This 

latter theorem states that if a function   is continuous on       and differentiable on      , then 

there exists          such that the slope of the chord between   and   is equal to the derivative 

at that point. That is: 

       
         

   
 

Integration 

Partition 
A partition   of       is a set of nonempty subsets of  , such that every     is an element of 

exactly one of these subsets. This means that the union of the elements of a partition of   is equal to 

 , and the intersection of any two elements of a partition is the emptyset. 

Riemann Sums 
A Riemann sum is an approximation of the area of a region, often the region underneath a curve. 

There are many different Riemann sums that can be used to approximate any given area, though all 

of them converge to the same answer as the size of the interval is reduced (or equivalently if the 

number of partitions is increased). 

 

Let   by a partition of  , and   be bounded across the domain      . For each subinterval of   we 

select the 'height' of the rectangle as either the inf or the sup of that subinterval, depending on 

which Riemann Sum we are using. Note that the Riemann sum interval includes the endpoints. 

 

The Lower Riemann Sum is defined as: 

                   

 

   

 



                          

 

The Upper Riemann Sum is defined as: 

                   

 

   

 

                          

One very useful property of Riemann Sums is that: 

                      

 

Somewhat surprisingly this actually holds even when    : 

                        

Refinement 
If      then we call    a refinement of  , as it has more points, and hence will allow a more 

accurate measurement of area. If    is a refinement of   we know that: 

 

               

               

 

This means that as we increase the number of subintervals,   and   will approach one another. 

Riemann Integration 
We say that a function   is Riemann Integrable on      , where   is a partition of      , if: 

                          
 

 

 

 

In words, this means that if the smallest upper integral is equal to the largest lower integral, then we 

say that the function if Riemann integrable. This is a rather clumsy definition because in practise we 

can seldom check all possible partitions of       to find the inf and sup. Hence the following is a 

more practical alternative definition: 

 

A function   is integrable if and only if,     , there exists a partition   of       such that: 

                

 

It also turns out that all continuous functions are also integrable, though the converse is not true. 

Fundamental Theorem of Calculus 
The fundamental theorem of calculus is a theorem that links the concept of the derivative of a 

function with the concept of the integral of that function. Historically, these two concepts were 

invented to address very different types of problems, and it was only later that it was found that 

they were actually inverse operations one of another (i.e. antidifferentiation is integration). Formally 

the theorem is generally stated in two parts: 

 

If           is integrable and           is such that           , then: 

     
 

 

             



This first part says that a definite integral can be found by the difference of two antiderivatives. 

 

If           if integrable and           is given by           
 

 
  , then   is 

differentiable at         and: 

           

This second part says that integration can be reversed by differentiation. 

Improper Integrals 
An improper integral is the limit of a definite integral as an endpoint of the interval of integration 

approaches either a specified real number or infinity. They are used when we wish to take the 

integral of a function over an unbounded domain. If the relevant limit exists, then we define the 

improper integral of   as : 

  
 

 

    
   

  
 

 

 

Series 

Defining a Series 
A series is the sum of the terms of a sequence. An infinite series is the result of adding up an infinite 

number of such sequence terms. Obviously we cannot actually do an infinite number of additions, so 

certain tools of mathematical analysis (e.g. limits) need to be employed in order to talk properly 

about infinite series. 

   

 

   

 

Convergence 
The  -th partial sum of an infinite series is written as: 

              

 

Now imagine building a new sequence out of each successive partial sum, call it   . We say that an 

infinite series is convergent if the sequence of its partial sums is convergent. Hence: 

   
   

        

 

   

   

 

Another important property of convergent series is that the terms must decay to zero: 

    

 

   

        
   

      

 

The converse, however, is false. The terms can decay to zero even when the series does not 

converge (e.g. the harmonic series). 

Index Shift 
Shifting the value of the index does not change the convergence properties of a sequence: 

            

Thus, an infinite series will still converge after an index shift. Its value, however, will be affected: 



    

 

   

          

 

   

      

 

   

  

 

Associativity 
If an infinite series converges than any new series obtained by regrouping the terms in the original 

series, without changing their order, will also converge to the same value. Infinite series are thus 

associative (if they converge). 

Absolute Convergence 
A series is said to be absolutely convergent if the absolute value of the series converges: 

     

 

   

 

Any absolutely convergent series is also convergent, as absolute convergence is a stricter criterion. If 

a series is convergent but not absolutely convergent, we say that it is conditionally convergent. 

 

Absolutely convergent series are commutative, meaning that the terms can be rearranged and 

summed in any order. If a series is merely conditionally convergent, however, it is not commutative. 

Any convergent series of any type is associative, meaning the terms can be regrouped in any way 

desired. 

Convergence Tests 

Decay Test 
In order for a series to converge, it is necessary (but not sufficient) that its terms decay to zero: 

   
   

     

Monotone and Bounded 
If the sequence of partial sums is bounded above, then the corresponding infinite series will 

converge. The converse is also true, so this is an if and only if condition. We can write this as: 

   

 

   

                  

Where: 

      

 

   

 

Comparison Test 
If a series of    converges to   and      such that for another positive series   : 

       

 

Then the    series converges to some value less than or equal to   . 

Limit Comparison Test 
Let    and    be the terms of two positive series. Consider the limit: 

   
   

 
  

  
  



 If the limit is positive, then    converges iff    converges 

 If the limit is zero and    converges then    also converges 

 If the limit is infinity and    diverges than    also diverges 

Ratio Test 
For a series of   , consider the limiting ratio: 

   
   

 
    

  
    

 

If this limit exists and    , then the series converges absolutely. If    , then the series diverges. 

If    , the test is inconclusive. 

Integral Test 
Define      as a continuous, positive, decreasing function for which    are the integer values. By 

the integral test, we can say that infinite series of    converges if and only if the integral exists: 

   
   

     
 

 

   

Alternating  Series Test 
All of the above tests assumed that all terms in the series were positive. Things become more 

complicated if the terms can also be negative. The simplest case of this is an alternating series, 

where the signs of successive terms alternate from positive to negative. Such series can be written: 

          

 

   

 

 

If we have a series of this form, then we can easily tell if it converges by simply examining   . 

Specifically, if            and      then the alternating series will converge. This is a 

necessary and sufficient condition for convergence. 

Some Important Series 

Telescoping Series 
a telescoping series is a series whose partial sums eventually only have a fixed number of terms after 

cancellation. This occurs because successive terms cancel each other out. Often this is evident after 

the use of partial fractions. An example is given below: 

 
 

      

 

   

  
 

 
 

 

   

 

   

 

    
   

 
 

 
 

 

   

 

   

 

    
   

    
 

 
   

 

 
 

 

 
     

 

 
 

 

   
   

    
   

   
 

   
  

   

Harmonic Series 
The harmonic series is given by: 



 
 

 

 

   

 

It is divergent. 

P-Series 
The p-series is a generalisation of the harmonic series, defined as: 

 
 

  

 

   

 

It converges for all    . 

Geometric Series 
The geometric series is of the form: 

   

 

   

 

If      , the series converges to 
 

   
; otherwise it diverges. 

Key Limits 
A few important limits to know: 

   
   

 
 
     

   
 

 
             

   
   

   
 

 
 

 

    

Power Series 
A power series is an infinite polynomial; a more general case of the geometric series. These series 

are particularly useful because if they converge, they can be differentiated and integrated term-by-

term. A power series is written: 

     

 

   

 

 

Given a series of coefficients, for what values of   will the series converges? Obviously if the series 

converges for  , then it will also converge for all    . This maximum possible   that still leads to 

convergence is often denoted  , and is called the radius of convergence. 

 

If the series always converges for all  , then we say the series has an infinite radius if convergence. 

Note that   is defined as the sup of the absolute values of the set of convergent values  . As such,   

need not actually be in  . 

 

Term-by-term differentiation is permitted inside the interval of convergence. Likewise, term-by-term 

integration is also possible for values of   inside the interval of convergence. 

Taylor Series 
A Taylor series is a representation of a function as an infinite sum of terms that are calculated from 

the values of the function's derivatives at a single point. 

 

The Taylor Series of   about     is given by: 



 
     

  
      

 

   

 

The partial sums: 

       
     

  
      

 

   

 

 

Are called the Taylor Polynomials of   about    . 

Note that a Maclaurin series is a Taylor series expansion of a function about 0. 

Taylor's Theorem 
In order to prove that a Taylor Series converges, it is necessary to find an expression for the error: 

             

 

Taylor's Theorem provides us with a means to find this error. It states that, if we have a function   

that is     times differentiable on           , and the kth partial sum is given by: 

       
     

  
      

 

   

 

 

Then for any             , there exists a real number         such that: 

                 
       

      
         

 

In other words, there is always some point   such that the error between the function and the kth 

partial sum is equal to the k+1th taylor polynomial evaluated at this point. 

 

Now that we have an expression for the error, we can say that the Taylor series will converge if: 

       

      
                  

Remainder Estimation Theorem 
We can also express the convergence of a Taylor Series in the form of the Remainder Estimation 

Theorem. This states that if we can find a constant   which bounds           for all  , then: 

 

            

         

      
             

        

      
  

         
        

      
 

 

If this holds for all    , then the Taylor Series converges to     . 

Fourier Series 
Fourier series are a way of writing (almost) any function in terms of an infinite series of sine and 

cosine terms. 



                         

 

   

 

 

In order for this infinite series to exist, obviously it is necessary that the limit of the partial sum exists: 

                          

 

   

 

 

The Fourier Coefficients are defined by the formula (assuming the integrals exist): 

   
 

  
     

 

  

   

   
 

 
            

 

  

   

   
 

 
            

 

  

   

Dirichlet's Theorem 
If   is a bounded, piecewise continuous (only a finite number of discontinuities), and piecewise 

monotonic function (only a finite number of turning points), and if   is periodic with period   , then 

the Fourier Series converges to the function for every value of  . 

 

Note that non-periodic functions can easily be made periodic by simply taking their even or odd 

extensions outside of the        domain.  

 

Also note that at any discontinuities the Fourier Series will always converge to: 

     
               

 
 

 

That is, the Fourier Series will converge to the average of the left and right endpoints surrounding 

the discontinuity. 


