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Introduction to Probability 

Probability Basics 

Basic Terminology 

The possible results of an experiment are known as the outcomes, listed in the sample space: 

                

A subset of the sample set that meets specified criteria is known as an event. For example, one 

event of the above sample space could be ‘the die turns up an odd number’. Denoting this event as 

 , we see that           

The probability of some event occurring is defined as the number of favourable outcomes within 

that event, divided by the number of possible outcomes (the size of the sample space) 

Mutually exclusive events are those events that cannot occur simultaneously, so           

Intersection and Union 

The Union ( ) of two events are the outcomes that fit into either of the events; the two events are 

‘united’ into one. 

The Intersection ( ) of two events are the outcomes that fit into both events; where they intersect. 

Basic Rules 

The Addition Rule:                             

Conditional probability:         
       

     
 

Independent events are those for which one event does not change the probability of the other. For 

independent events,                     

Variance 

When the probability of events varies, variance can be found using the following formula: 

              

Or for a binomial distribution (discrete and independent binary outcomes) 

           

The Binomial Distribution 

A binomial variable arises out of a series of trials, each of which has exactly two outcomes which can 

be described as success or failure. Such trials are also called Bernoulli trials. 

The key features of a binomial distribution are: 

 the event has a fixed probability of success   

 the event is repeated a number of times   

 the repetitions are independent of each other 
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This notation indicates that variable X takes a with a binomial distribution with   number of trials 

and   probability of success per trial. 

Binomial Distribution Formulae 

         
 
 
            

  
  

        
            

          

                  

                   

Permutations and Combinations 

Permutations with Repeats 

If we have   possible items and want to know how many  -sized groups we can make with 

replacement and order being important (e.g. a combination lock), the formula is: 

   

Permutations without Repeats 

If we want to know how many ways we can arrange   items, the formula is simply: 

   

The factorial used because since replacement is not allowed, the number of possible choices reduces 

by one each time;      , etc. 

However, if we have   possible items and want to know how many  -sized groups we can make 

without using any items twice in the same group, and also considering the order of the items in the 

group (e.g. order of runners in a race), the formula becomes: 

  

      
   

  

The modification is made because if we want to only select a portion of the set of possible choices 

rather than arrange all of them, we simply divide by how many possibilities are left over, e.g.    . 

Combinations with Repeats 

If we have   possible items and want to know how many  -sized groups we can make with 

replacement allowed, and without considering the order of the items in the group (e.g. coins in a 

wallet), the formula is: 

        

        
 

The simplest way to understand this is to treat the size of the r-group as additional ‘options’ to 

choose from. For example, suppose we want to select two from a possible four flavours. If we were 

only selecting a single flavour with no replacement allowed, the possibilities would be        . 

However, because we are selecting two and can use repeats, the possibilities actually become 

         , as even after picking the first flavour, four are still available. This explains why we 
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use          as the numerator. The        in the denominator is explained by the fact that 

repeats are allowed, so we don't actually need to consider the probability of the       - there is 

no reduction in choices as selections are made. Finally, the    exists in order to factor out differently 

ordered groups of the same composition, as order doesn’t matter. 

Combinations without Repeats 

If we have   possible items and want to know how many  -sized groups we can make without 

replacement, and without considering the order of the items in the group (e.g. lottery numbers), the 

formula is: 

  

        
   

  

Explanation: exactly the same as permutations without repeats, except that we must also divide by 

the number of ways of ordering each of our r-sized groups, as the order doesn’t matter, so each r-

group with the same members should only be counted once. 

More Difficult Problems 

Unwanted Repetition 

Suppose we want to know how many ways we can order the letters of the word ‘Mississippi’, 

without allowing for repeats. We could just try    , but this will overestimate the true number, s the 

letters I, s and p are all repeated, and so can be arranged in several indistinguishable ways. For 

example, ‘ssss’ is the same as ‘ssss’. As such they should not count as separate arrangements. 

To fix this, we must divide     by the number of ways that each of these repeats can be ordered. In 

this case: 
   

      
, one term for each of the repeated letters. 

Ordered Subsets 

Suppose we have a family of a mum, a dad, three sons and four daughters line up for a photograph. 

How many ways can the line be ordered if the girls have to stand together? In this case, we simply 

treat the four girls as a single unit, and then multiply the result by how many ways the ‘subunit’ of 

the four girls can be ordered. So our formula is      

Exclusions 

If any possibilities or combination of probabilities is specifically excluded from the answer, simply 

calculate the total number of possible outcomes, and then subtract the number of outcomes that 

are excluded. 

Summations 

Suppose we want to select five letters at random from the word ‘energise’. What is the probability 

that we will select at least one ‘e’. First we must calculate the total number of possible combinations 

that can be chosen. Note that we do not need to adjust for the multiple e’s as this is a combination, 

so the order doesn’t matter. 
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Now we must calculate separately the probability of selecting every possible number of ‘es’. To do 

this we begin with the assumption that we have already selected that number of ‘e’s’, and then 

calculate how many combinations there are of choosing the remaining letters. Hence why we say we 

are selecting from a group of five, as we already know that we cannot choose any of the ‘e’s’. We 

must then multiply that number by the number of different ways of selecting that many ‘e’s’ given 

the total number of ‘e’s’ available. 

     
  

        
 

  

        
 

   

    
      

     
  

        
 

  

        
 

   

   
      

     
  

        
 

  

        
 

   

   
      

Then we simply sum the favourable outcomes and divide by the total number of outcomes. 

      
        

  
 

  

  
 

 


